A general framework for deriving and using a class of constitutive laws incorporating spatial gradients of internal variables is presented. It user two basic ingredients : a derivation of such models by homogenization techniques and a reformulation of the et~olution eyuation at the scale of the whole structure.
INTRODUCTION
When subjected to excessive loads, some materials may exhibit a softening behaviour resulting from the deterioration of their mechanical properties. To model such behaviours, constitutive relations with softening are introduced, for which the size of the domain of reversibility in the stress-space decreases. These models feature a strain localization within the mater-id, in agreement with experiments, but cannot predict the subsequent behaviour because they lead to shear bands the width of which is equal to zero, physically unacceptable and numerically troublesome.
It has been proposed in the literature to overcome these difficulties by adding to the list of internal variable the spatial gradients of some of them. This procedure suffers from lack of firm methodological basis, although some quantitative justifications have been advanced relying on some kind of microscopic analysis.
Therefore, we propose to extend the classical (local) models by introducing the internal state variable first gradients. Given a local model within the context of standard generalized materials, a consistent homogenization procedure is put forward to derive macroscopic free energy and dissipation potentials. The standard generalized character is preserved, with an extended set of state variables, containing not only the strain and the internal variables but also the internal variable derivatives. Nevertheless, when dealing with the whole structure, the independence between the new state variables is lost. We propose then to generalize the constitutive relations, leading to a new variational principle that ensures the Clausius-Duhem inequality at the structure scale.
DERIVATION FROM HOSVZOGENIZATION
Let us consider a constitutive model related to clearly identified microscopic mechanisms. We neglec~ thermal effects and assume the strain to be infinitesimal so that the behaviom is described at the material point level by:
-a set of local internal valiables 121, say (e , a), where E is the strain and a a scalar or tensorial internal variahle vector,
-a Helmholtz' free energy f~lnction @ E O(E , a) from which the state equations are derived: Usually, the derivation of such models is based upon two ingredients: on the one hand, the knowledge and the microscopic representation of the involved dissipative phenomena and, on the other hand, a more or less explicit homogenization process depending on the definition of a local Elementary Representative Volume (ERV). When softening occurs, localization of the inte~nal variables is observed. Because of their high gradients, the usual homogenization strategies may fail since one of their basic assumptions is a small tariation of these variables at the microscopic scale. That's why we propose to generalize the homogenization technique in order to obtain some expressions of the macroscopic free energy and dissipation potentials depending on the internal variable first gradients. It leads to consider another ERV, the scale of which is larger than that of the previous one.
Homogenization hypothesis
Each macrclscopic point X does hide a substructure in which a may be affected with large variations. Therefore, instead of taking a single cell, say Y, as the ERV, we choose to take into account not only Y but also its neighbouring cells (see Fig. 1 ). Let us notice that up to now some arbitrariness still remain in the selection of the neighbouring cells. Each cell Y is attached to:
-the microscopic spacial co-ordinates of the cell centre:
-the free energy: oi= @(el, a') -the constitutive laws:
aa -the dissipation pseudo-potential:
(where P denotes f(x. zi)).
The relations between the microscopic variables (E', a') and the macroscopic ones (e(x) , a(a) . Va(x)), named localization relations, we chosen in a simple way: E' = e(x) and a' = a(x) + Va(x).zk Let us remind that we aim at describing the macroscopic behaviour through (e, a, Va) instead of
. Ho\vever, Suquet [3] showed that usual homogenization techniques in the context of dissipative materials result in a multiplication of internal vasiables. Faced with this difficulty, we suggest a method expected to ensure the consistence of the beha~iour description by (e , a , Va). Such a requireinent imposes a "compatibility" condition on the rates of internal variables, that is:
The internal vai-iable gradients are supposed to be small at the scale of the ERV z:
This approach can be ~inderstood as a higher order theory compared with tho usual one which neglects the inte~nal variable vasiations from one cell to its neighbours (periodic or quasiperiodic media). J is a definite positive second rank tensor with dimension of square of length. It characterizes the size of the ERV through LC and its shape through the adimensional tensor JO.
The expression of the macroscopic free energy function F (2.4) is rather appealing. It is composed of the free energy telms for the homogeneous state and a product of two corrective terms: -the first one depending only of the local model (second derivative of the local free energy function with respect to the intelnal variables);
-the second one that takes into account the shape of the ERV (through the tensor J) and the loss of homogeneity (through Va). Thus, the model exhibits a dependence on the "texture" of the material, which means the spatial distribution of the microstructure following a patteln defined by the shape of the local ERV Y.
The free energy potential being defined, macroscopic state laws can be expressed as follows, thanks to the standard generalized material propel-ty (s. 4, A,, denote respectively the macroscopic stress and the therinodvnamic forces associated to a and Val:
We can notice that the macroscopic stress is nothing else than the mean stress on the ERV at the first order.-The same holds for A,:
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Another remark is of importance. To analyse the dissipation (or equivalently the Clausius-Duhem inequality) at the macroscopic level, i.e. only with the variables (e, a , Va) , it requires the following equality:
In fact, this equality is sadsfied (at the first order) as soon as the localization relation (2.1) and th,, compatibility condition (2.2j are ensured:
To derive a macroscopic dissipation potential DQ , Va), one can think of a similar approach as above. in which we detine the potential $([&I) as the average of the microscopic one on the ERV 2: Therefore, we choose to define a regularized dissipation potential on the ERV through a quadratic average, instead of (y2.8) [4] :
(2.10)
Let us point out that this regularization preserves the positive homogeneity of the microscopic potential if needed.
F(e , a , Ca) : DR(a, va)
As previously for the free energy potential, the second step consists in a Taylor expansion truncated a1 the second order (as soon as A is C?):
The evolution equations are then (first order accurate):
We can show that (2.9). or identically the compatibility condition (2.2), are verified. Besides, the Clausius-Duhem inequality is ensured, thanks to (2.7), under the usual assumption of convexity of the microscopic dissipation potential.
The expression (2.1 1) is obviously incorrect for a material with a threshold since the potential is not smooth enough. Nevertheless, one is commonly faced with potentials that can he expressed as a smooth function 6 of a norm (denoted 1. j ) of the internal variable rates. The metric tensor on the space of the internal variables a is denoted by g . When 6 is homogeneous of degree k:
where M and L ase the tensors which involves only the tensors JO and g defined by :
i: . SIIl? = S2?,, = -Vil ; SIZi? = -
The other terms are equal to zero. Let us denote the coi~esponding stiffness tensor by E(d).
n r '
As the clack density is small ( d <<r ), we t~uncate E(d) to the second order. The macroscopic free energy is given then by: .vo ell + ea + + 2 v, ell e2? +-d2)
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For a lattice of parallel cracks and different orientations, the tensor J is:
local ERV Y -The standard generalized nature of the 'local' law is preserved by the homogenization procedure.
-If Va = 0, the usual expressions of the local constitutive relations are recovered. In particular, if DR' (A, . A,,) is the Legendre-Fenchel transform of DYa, va), we obtain: a E aApR8(Ap , Ap,) and Vae aAVaDR*(AI , Av,) then:
Thus. (2.14) appears as a consistency condition that should be required for any standard generalized model which involves gradient terms. Here, let us note that (2.14) results from the process and is not a priori enforced.
INITIAL VALUE PROBLEM
Thus far, we have proposed a first order accurate homogenization method that has allowed us to derive free energy and dissipation macroscopic potentials, the arguments of which are the average strain, the internal variables and their first derivatives. This approach is fully consistent at the material point scale within the context of standard generalized materials. Nevertheless, to solve a real initial value problem, the whole structure has to be considered. And there, a paramount difficulty arises: the lack of independence between the internal variable vector and its gradient at the structure scale. Indeed, the state and evolution equations (2.6) and (2.9) define the rate of a and Va, without taking into account the global (structure scale) constraint that the second one should be the gradient of the first one. In fact, enforcing this global con~patibility requirement in addition to the local normality rule (standard generalized materials) do lead to a lack of solution to the constitutive relations. For example, if the internal variable a is a scalar. one can exhibit within the dissipative area of the structure a necessaly condition for the existence of a ratea solution which is not a priori verified (where f is a vector function depending only on the state variables at a material point):
Generalized constitutive relations
The normality rule appears to be a too restricting condition. Therefore, we propose to weaken it while preserving he standard generalized material formalism at the structure scale. In that way, we introduce two global thermodynamical potential functionals. They are no more functions of pinpoint state variables but depend on the state va~iable fields, expressed on the whole domain Q:
Helmholtz free energy
e , j = 6 F ( 4~) . a(x) va(X)) dx (3.1) dissipation potential
As for standard generalized materials, constitutive relations are derived, where the state variables are fields and thc associated thermodynamical forces are linear folms on the state fields.
state equations :
evolution equations :
; I E aha (3.1)
In these generalized constitutive relations, the thermodynamical forces are still meaningful; they arz linked to the local thermodynamical forces through the following relations, where <.I.> denotes the duality product:
This latter relation enables us to rewsite the evolution equation as a minimization problem for the raate problem: given A, and ;Iv,, find h solution of
On a rheoretical ground, the existence of solutions to the previous program is proved by Attouch [S] , under an assumption of coercivity on D, which turns out to be satisfied for positive homogeneous D for index slrictly greater than one. In the case of a behaviour with threshold, the problem remains open, even though some convex analysis results inay be sufficient to conclude for pal-ticular expressions of D.
It should be pointed out that these generalized constitutive relations are equivalent to the local ones if the potentials do not depend on the state variable gradients. Indeed, one can prove (cf. [7] ): aF
V X E Q e Using (3.1) to (3.5) and the fact that .D is minimal in zero, it can be showed that an extended ClausiusD~ihem inequality is ensured, in agi-eement with the second principle of thermodynamics applied to the whole structure:
Finally, the process which has been followed is nothing else than the "standard generalized" approach extended to the whole structure. Besides, one can notice that if a generalized standard solution (2.6) and t 2.9) exists, then it is also solution of the global problem, (3.3) and (3.4).
Applications
Let us consider a classical quasi brittle damage model with a threshold, the yield value of which depends on the damage. Using the results of part 2, a non local model can be deduced. It is applied to an infinite 1D rod, an area of which is weakened, that means its undamaged yield value (kqk,) is smallcr in a ratio q than the undamaged yield value elsewhere (k=kJ. Our pulpose is to study the rate problem (3.6) which is rather instructive since it exhibits some of the main features of the generalized model.
The n~icroscopic constitutive relations are derived from the free energy and dissipation potentials, whei'e E, k, y, e and n denote respectively the stiffness, the undamaged yield value (which is not uniform), a hardening parameter, the strain and the damage:
Elementary calculations show that the constitutive relations are:
/A=O iff<^ or F<o liL0 if f=O and f=0
Following part 2, the macroscopic potentials are (2.4) and (2.13), where L, denotes the internal length defined in (2.5): 1 1
Lzt us assume that the considered state is undamaged (e = e,, constant, a = 0). The thermodynamical forces associated with the damage and its gradient are:
13.9)
For this slate. the rate problem (3.6) can be written, thanks to the symmetsy:
First, we can notice that as A, is positive, the rate of damage will be positive without needing to enforce it. Besides, <ince D is positive hon~ogeneous of degree one, the rate of damage will only be defined modulo a positive inultiplicative constant 1... The effective minimization (which is not detailed here) leads to a yield value k, q~ (where qv is obtained through the transcendental equation 3.1 1) that depends on the material and the geometly. While A, < k, q Y , damage does not occur.
On the other hand. bvhen A, reaches k, qY, damage appears with a rate given by (3.12) and presented on figure 2. The solution is worth being examined for two borderline cases: -On the one hand, when the length of the weakened area is small compared to the material characteristic length (1, << LC), the structure tends to respond as though there were no weakened area a1 all. Damage occurs humogeneously as soon as the yield value k, is reached:
-On the other hand, when the material characteristic length is small compared to the size of the weakened area (L, << c, ) , damage tends to occur only in the weakened area as soon as the yield value q k,, is reached:
Some remarks apply to the rate problem:
-it can be noticed that the yield value depends not only on k, but also on q and E, . Generally speaking, it can be said that the threshold has become global, depending on the whole structure. Besides, it should be pointed out that h, commonly named plastic multiplier, is no more a field but a single positive scalar for the whole structure. Thus, the difference between formulation (3.6) and the variational principle proposed by Miihlhaus [8] appears clearly: it is not a straightforward variational fo~lnulation of the material point constitutive relations.
-When the yield value is reached, the whole rod does damage, and not only a finite part which would include the weakened area. It may be explained by the Neumann natural boundary conditions that are not a priori stated but are derived from the minimization (3.10). The question of the boundary conditions imposed to the damage field (Dirichlet or Neumann), an issue often met (even tacitly) in the literature, is here answered.
-The rate problem does not exhibit any bifurcation. To detect them (if there are any), one should analyse the incremental problem which takes into account the variations of the reversibility domain.
Incremental variational principle
To deal with a real structure computation involving such generalized constitutive relations, two kinds of equations have to be solved simultaneously: on the one hand, those describing the behaviour (3.3) and (3.4) , and, on the other hand, the equilibrium equation (where We,, denotes the external virtual work and VK,, the kinematically admissible displacement rates):
To solye numerically these equations, an implicit time-step algo~ithin is chosen. It leads to the following increnlental problem:
As the potentials are convex, this system can be equivalently expressed with a variational principle, cf.
[6]. If u denotes the displacement, we define a potential, named total energy E:
Then, the displacement and internal variable increments, denoted by Au and Aa, are given bq the two minimisration programs:
-If E is not convex with respect to the couple (AU , A a ) , then a solution of (3.15) does not necessary realizes a minimum of 1E.
JOURNAL DE PHYSIQUE IV
-In this case, existence and uniqueness of solutions are not ensured. Bifurcations and ultimate loads are possible, in agreement with the experiments on materials that exhibit a softening behaviour.
-This variational principle is close to the energetic approach presented in [9] . In the same way, a stability condition of the incremental solution can be expressed: a couple (,Au, Aa) is said to be stable if it realizes a minimum of the total energy functional E.
CLOSURE
Finally, this approach is a strategy among others to deal with localization phenomena. However, it answers some questions which are often raised in the related literature.
-The homogenization technique allows a systematic derivation of constitutive relations which include internal variable first gradients. The obtained potentials are the sum of the classical (local) potentials and a corrective term, quadratic in the internal variable derivatives. This latter does not introduce a scalar (so called characteristic) length but a full symmetric second older tensor, charactei-istic of the shape of the cells.
-The spirit of generalized standard materials is preserved along the derivation, so that the ClausiusDuhem inequality is naturally ensured.
-No specific (arbitrary) boundary conditions are imposed to the damage field. They are obtained through the minimization program.
-As pointed out in [8] , some non local models exhibit difficulties (localization) in the hardening phase, even though they disappear in the softening phase. Thanks to the variational principle (3.15). such issues are avoided here.
At last, some questions remain unanswered among which two at least are of importance: first, the choice of a representative neighbouring cell set in the homogenization technique is not clear. Then, the existence of solution to the rate problem (3.6) for materials with a threshold.
